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Theoretical analysis of the zigzag instability
of a vertical co-rotating vortex pair in
a strongly stratified fluid
PANTXIKA OTHEGUY†, PAUL BILLANT
AND JEAN-MARC CHOMAZ
LadHyX, CNRS, E´cole Polytechnique, F–91128 Palaiseau Cedex, France
(Received 31 January 2006 and in revised form 25 February)
A long-wavelength stability analysis of two co-rotating Gaussian vertical vortices in an
inviscid strongly stratified fluid is conducted for vortices separated by a large distance
b compared to their radius a (b≫ a). This analysis predicts and explains the zigzag
instability found by a numerical stability analysis in a companion paper (Otheguy,
Chomaz & Billant, J. Fluid. Mech. vol. 553, 2006, p. 253). The zigzag instability results
from the coupling between the bending perturbations of each vortex and the external
strain that one vortex induces on the other S=Γ/2pib2, where Γ is the circulation of
the vortices. The analysis predicts that the maximum growth rate of the instability
is twice the strain S and that the most unstable vertical wavelength λ scales as the
buoyancy length, defined by LB =Γ/piaN , multiplied by the ratio b/a, i.e. λ∝Fhb,
where Fh=Γ/pia
2N is the horizontal Froude number. The asymptotic results are in
very good agreement with the numerical results.
1. Introduction
In stably and strongly stratified flows, the velocity field is mainly horizontal because
vertical displacements are inhibited by the buoyancy force due to the vertical stratifica-
tion (Riley, Metcalfe & Weissman 1981; Lilly 1983). Two kind of motions remain pos-
sible: internal waves and horizontal vortical motions. Many studies have shown that
the latter motions take the form of layers or pancake vortices with a much larger length
scale in the horizontal direction than in the vertical one (Herring & Me´tais 1989; Park,
Whitehead & Gnanadeskian 1994; Fincham, Maxworthy & Spedding 1996; Spedding,
Browand & Fincham 1996; Holford & Linden 1999; Riley & Lelong 2000; Bonnier,
Eiﬀ & Bonneton 2000; Billant & Chomaz 2000a; Godeferd & Staquet 2003; Waite &
Bartello 2004; Praud, Fincham & Sommeria 2005 among others). Of particular interest
is the vertical length scale that characterizes these vortices and these horizontal
layers.
At present, two regimes have been identified for the selection of the vertical length
scale. When viscous eﬀects due to vertical shearing of horizontal motions are dominant
over vertical transport terms (Godoy-Diana, Chomaz & Billant 2004), the vertical
length scale is determined by viscous eﬀects independently of the stratification as
† Present address: Centre Technique Littoral, Lyonnaise des Eaux, Pavillon Izarbel, Technopole
Izarbel, 64210 Bidart, France.
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shown by the experiments by Spedding et al. (1996), Fincham et al. (1996), Bonnier
et al. (2000) and Praud et al. (2005).
On the other hand, when viscous eﬀects due to vertical shearing of horizontal
motions are small compared to vertical transport terms, stratified flows experiments
(Park et al. 1994; Holford & Linden 1999; Billant & Chomaz 2000a) and numerical
simulations (Waite & Bartello 2004; Lindborg 2006) exhibit layers with a thickness
proportional to the buoyancy length U/N , where U is the characteristic horizontal
velocity scale and N the Brunt–Va¨isa¨la¨ frequency. Billant & Chomaz (2001) have
shown that this scaling law is universal for all strongly stratified inviscid flows
initially vertically coherent. For this small vertical length scale, the vertical transport
is not negligible even though the vertical velocity is small so that the dynamics is not
two-dimensional.
In the particular case of a vortex dipole, i.e. two counter-rotating vertical vortices,
in a stratified fluid, Billant & Chomaz (2000a–c) have described a three-dimensional
instability, the zigzag instability, which explains how a vertically coherent stratified
flow can spontaneously develop layers with a thickness of the order of the buoyancy
length scale.
In order to show that the zigzag instability is a generic mechanism for the formation
of layers, not restricted to the particular case of a vortex dipole, we have investigated
numerically in a companion paper (Otheguy, Chomaz & Billant 2006) the linear
stability of a vortex couple, i.e. a pair of co-rotating vertical vortices in a stratified
fluid. We have shown that the zigzag instability also aﬀects such a flow. Its growth rate
scales as the external strain rate S=Γ/2pib2 (where Γ is the circulation of the vortices
and b the separation distance between the vortices) that each vortex induces on the
other and that the most unstable wavelength λ scales on the buoyancy length (defined
here as LB =Γ/piaN) multiplied by the ratio b/a, i.e. λ∝Fhb (where Fh=Γ/pia2N is
the horizontal Froude number and a the radius of the vortices).
In the present paper, we explain the physical mechanism of the zigzag instability
and the scaling laws for its growth rate and wavelength by investigating theoretically
the stability of two co-rotating vertical Gaussian vortices (Lamb–Oseen vortices,
Lamb 1932; Saﬀman 1992) in a strongly stratified fluid. In the two-dimensional case,
the vortices rotate around each other at a constant angular velocity Ω =Γ/pib2.
Because of rotational invariance, this basic flow is neutral to the phase perturbation
corresponding to a small variation of the reference angle of the line joining the vortex
centres. It is also neutral to a small variation of the separation distance b between
the vortices because of the invariance derived from the parameter b describing
continuously the family of vortex pair solutions.
In the spirit of the analysis of Billant & Chomaz (2000b) for a pair of counter-
rotating vortices (a Lamb–Chaplygin vortex pair) in a stratified fluid, we shall
demonstrate that the three-dimensional destabilization of these two phase modes
leads to the zigzag instability. The approach is based on an asymptotic analysis in
the limit of small Froude numbers (horizontal Fh and vertical Fv =Γ/piaLvN , where
Lv is the vertical length scale) and small ratio a/b.
The assumption that Fh is small means that the flow is strongly stratified: the time
scale of the horizontal motion is large compared to the Brunt–Va¨isa¨la¨ period. The
hypothesis that Fv is small corresponds to the assumption of a vertical wavelength
large compared to the buoyancy length. We also assume that a/b is small because an
exact solution of the two-dimensional Euler equation describing a co-rotating vortex
pair is not known. The basic state is therefore computed asymptotically for vortices
separated by a large distance b compared to their radius a.
Theory of zigzag instability of co-rotating vortices in a stratified fluid 105
The final result of this asymptotic analysis is two coupled equations for the two
phase variables (δα(z, t), δb(z, t)), in dimensional form,
∂δα
∂t
= − 2Γ
pib3
δb +
Γ
pib
D0F
2
h
∂2δb
∂z2
, (1.1)
∂δb
∂t
= −Γ b
pi
D0F
2
h
∂2δα
∂z2
, (1.2)
where δα(z, t) is the perturbation of the reference angle of the vortex pair, δb(z, t) the
perturbation of the distance separating the two vortices and D0=(7/8) ln 2− (9/16)
ln 3 is a coeﬃcient computed from the asymptotics. In the two-dimensional limit
(∂/∂z=0), these equations reduce to
∂δα
∂t
= − 2Γ
pib3
δb, (1.3)
∂δb
∂t
= 0. (1.4)
The first equation (1.3) is derived simply from perturbing (α → α + δα, b → b + δb)
the equation governing the rotation of the vortex pair in the laboratory frame of
reference,
∂α
∂t
=
Γ
pib2
, (1.5)
while equation (1.4) tells us that δb does not evolve because of momentum conserva-
tion. Physically, if the separation distance is slightly decreased b→ b+ δb (with δb< 0),
equation (1.3) implies that the perturbation angle δα increases algebraically with time,
δα= δΩt with δΩ =−(2Γ /pib3)δb. This is because the vortex pair is no longer steady
in the reference frame rotating at rate Ω =Γ/pib2 but rotates at rate δΩ owing to the
slight decrease of the separation distance δb.
When ∂/∂z =0, equations (1.1)–(1.2) show that weak three-dimensional eﬀects
couple the two phase variables and we shall see that this coupling is unstable and
leads to the zigzag instability.
The paper is organized as follows. The stability problem is presented in § 2. The
asymptotic analysis is carried out in § 3. The stability of the two phase equations is
analysed in § 4. In § 5, the asymptotic results are shown to be in very good agreement
with the numerical results of Otheguy et al. (2006).
2. Stability problem
The flow is assumed to satisfy the Boussinesq approximation of the Euler equation,
and to be incompressible and inviscid with a non-diﬀusive stratifying agent:
Du
Dt
= − 1
ρr
∇p − g ρ
ρr
ez, (2.1a)
∇ · u = 0, (2.1b)
Dρt
Dt
= 0, (2.1c)
where u=(ux, uy, uz) is the velocity vector in Cartesian coordinates (x, y, z), p the
pressure, g the acceleration due to gravity, ez the unit vector pointing upward, and ρt
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Figure 1. Sketch of the two co-rotating vortices with the diﬀerent coordinate systems used.
the total density of the flow expressed as the sum of a constant reference density ρr ,
a linear mean density profile ρ¯(z) and the perturbation density ρ(x, t):
ρt (x, t) = ρr + ρ¯(z) + ρ(x, t). (2.2)
2.1. Basic state
We consider as basic state a pair of co-rotating vertical vortices separated by a
distance b (figure 1) and where as a first approximation each vortex is a Lamb–Oseen
vortex (Lamb 1932; Saﬀman 1992) of circulation Γ and radius a. In the following,
horizontal length and time are non-dimensionalized by a and τ =pia2/Γ respectively.
Thus, the non-dimensional separation distance is Λ= b/a and the non-dimensional
vertical vorticity of each vortex (for example vortex 2) is
ω = e−r
2
(2.3)
where r is the non-dimensional radial distance in the local cylindrical coordinates (r ,
θ) with origin at the centre of vortex 2 (figure 1). The corresponding velocity field of
the second vortex is
U = vθ (r)eθ (2.4)
where
vθ =
1
2r
(
1− e−r2) (2.5)
and eθ is the azimuthal unit vector. A single Lamb–Oseen vortex is an exact solution
of the two-dimensional Euler equation, but the sum of two vortices is no longer
an exact solution because each vortex feels the non-uniform velocity field induced
by the other. However, if the separation distance is large compared to the vortex
radius (if Λ is large), the velocity field induced by vortex 2 on vortex 1 is at leading
order
U2 = − 1
2Λ
ey − 1
2Λ2
[xey + yex] +O
(
x2
Λ3
,
y2
Λ3
,
xy
Λ3
)
(2.6)
where (x, y) are the local Cartesian coordinates with origin at the centre of vortex 1
and with the unit vector ex aligned along the line joining the two vortex centres
(figure 1). At leading order, vortex 1 is therefore advected at the constant velocity
−1/2Λey and since the two vortices are chosen with equal circulation, vortex 2 is
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advected at velocity 1/2Λey by vortex 1. Thus the vortex pair rotates uniformly at the
angular velocity Ω =1/Λ2 around the middle point O between the two vortex centres.
Therefore, at leading order in 1/Λ, a vortex pair consisting of two axisymmetric
Gaussian vortices is a steady solution of the Euler equation in the frame of reference
rotating at the angular velocity Ω . At next order, O(1/Λ2), the velocity field exerted
by the companion vortex is non-uniform: −1/2Λ2(xey + yex), and corresponds
to a uniform external strain field S=1/2Λ2. Moore & Saﬀman (1975), Moﬀatt,
Kida & Ohkitani (1994), Eloy & Le Dize`s (1999) and Le Dize`s & Laporte (2002)
have shown that an axisymmetric vortex under the influence of such a uniform strain
field is deformed elliptically but remains a steady solution of the Euler equation. The
interaction between strain and vorticity leads to an amplification of the strain in the
vortex core (the so-called internal strain rate) but the core vorticity is not modified.
In the case of a Gaussian vortex in a non-rotating reference frame, the internal strain
rate is 2.52 times the external strain S=1/2Λ2 (Eloy & Le Dize`s 1999).
We shall not describe further the order 1/Λ2 because its detailed solution will not
be necessary in the following analysis. The important point to remember is that two
co-rotating Gaussian vortices separated by a suﬃciently large distance Λ adapt to
each other to give a steady basic state in the reference frame rotating with the vortex
pair at the angular velocity Ω =1/Λ2. In this frame, the velocity field of the basic
state can be written
Ub = Ub1 + Ub2 − ξ
Λ2
eα (2.7)
where the last term is the velocity due to the rotation of the reference frame, with (ξ ,
α) the cylindrical coordinates centred on O (figure 1). Ubi corresponds to the velocity
field of vortex i (i=1, 2) adapted to the strain of the other vortex, i.e.
Ubi = Uai +
1
Λ2
U ei (2.8)
where Uai is the axisymmetric velocity field of a single Lamb–Oseen vortex as given
by (2.4) and U ei is the velocity due to the adaptation of this vortex to the strain
induced by the companion vortex. The latter velocity vanishes rapidly outside the
vortex core (Le Dize`s & Laporte 2002; Eloy & Le Dize`s 1999), and we shall see that
it plays no role in the zigzag instability, in contrast to the elliptic instability.
Since the basic flow Ub is two-dimensional, it is convenient to introduce a stream-
function ψb such that Ub=−∇×(ψbez). Even though its exact expression is not known,
the family of basic flows considered in the present paper can be therefore written
formally
ψb(ξ, α;Λ) (2.9)
where the separation distance Λ is a parameter describing continuously the family of
solutions. This basic flow is steady and therefore satisfies the two-dimensional vertical
vorticity equation
J (ψb,ψb) =
1
ξ
∂ψb
∂ξ
∂ψb
∂α
− 1
ξ
∂ψb
∂α
∂ψb
∂ξ
= 0 (2.10)
where J denotes the Jacobian and  the Laplacian.
2.2. Scaling analysis
The scaling analysis of Riley et al. (1981) for stratified vortical flows when buoyancy
eﬀects are dominant is used to non-dimensionalize the governing equations (2.1) in
108 P. Otheguy, P. Billant and J.-M. Chomaz
the reference frame rotating at rate Ω:
∂uh
∂t
+ [∇huh] · uh + F
2
v uz
∂uh
∂z
+ 2Ωez × uh = −∇hp, (2.11a)
F 2h
(
∂uz
∂t
+ [∇huz] · uh + F
2
v uz
∂uz
∂z
)
= −∂p
∂z
− ρ, (2.11b)
∇h · uh + F
2
v
∂uz
∂z
= 0, (2.11c)
∂ρ
∂t
+ [∇hρ] · uh + F
2
v uz
∂ρ
∂z
− uz = 0, (2.11d)
where uh and ∇h are the horizontal components of u and ∇, Fh=Γ/pia
2N the
horizontal Froude number with N =
√−(g/ρr ) dρ¯/dz the Brunt–Va¨isa¨la¨ frequency
and Fv =Γ/piaLvN the vertical Froude number. The same notation has been kept for
non-dimensional variables. Time has been non-dimensionalized by the inverse of the
maximum vorticity of the basic state τ =pia2/Γ , and horizontal length by the vortex
radius a. The vertical length is non-dimensionalized by Lv (at present arbitrary),
horizontal velocity by Γ/pia, vertical velocity by FhFvΓ/pia, pressure by ρr (Γ/pia)
2
and density perturbation by ρrΓ
2/gpi2a2Lv . It is important to note that Fh and Fv
can be small independently.
In the limit Fh=0, the vertical momentum equation (2.11b) reduces to the
hydrostatic equilibrium. In the limit Fv =0, the equations (2.11a, c) become the two-
dimensional incompressible Euler equations.
2.3. Linearized equations
The basic flow (2.7) is subjected to infinitesimal perturbations, denoted by a tilde:
(uh, uz, p, ρ) = (Ub, 0, pb, 0) + (u˜h, u˜z, p˜, ρ˜), (2.12)
and equations (2.11) are linearized to obtain the equations governing the perturba-
tions:
∂ u˜h
∂t
+ [∇hu˜h] ·Ub + [∇hUb] · u˜h + 2Ωez × u˜h = −∇hp˜, (2.13a)
F 2h
(
∂u˜z
∂t
+ [∇hu˜z] ·Ub
)
= −∂p˜
∂z
− ρ˜, (2.13b)
∇h · u˜h + F
2
v
∂u˜z
∂z
= 0, (2.13c)
∂ρ˜
∂t
+ [∇hρ˜] ·Ub − u˜z = 0. (2.13d)
3. Asymptotic problem
3.1. Formulation of the asymptotic problem
In order to solve asymptotically the linearized equations (2.13), we write the
perturbation as an expansion in the vertical Froude number Fv:
(u˜, p˜, ρ˜) = (u˜0, p˜0, ρ˜0) + Fv
2(u˜2, p˜2, ρ˜2) + · · · , (3.1)
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and each order is further expanded with the small parameter 1/Λ2:
(u˜0, p˜0, ρ˜0) = (u˜00, p˜00, ρ˜00) +
1
Λ2
(u˜02, p˜02, ρ˜02) + · · · ,
(u˜2, p˜2, ρ˜2) = (u˜20, p˜20, ρ˜20) +
1
Λ2
(u˜22, p˜22, ρ˜22) + · · · ,
⎫⎪⎬
⎪⎭ (3.2)
because the basic state is known only as an expansion in 1/Λ. We shall see that the
zeroth order (subscript 00), and orders Fv
2 (subscript 02) and 1/Λ2 (subscript 20) are
suﬃcient to describe the instability at leading order and therefore the expansion can
be written:
(u˜, p˜, ρ˜) = (u˜00, p˜00, ρ˜00) +
1
Λ2
(u˜02, p˜02, ρ˜02) + Fv
2(u˜20, p˜20, ρ˜20) +O
(
Fv
2
Λ2
, Fv
4,
1
Λ4
)
.
(3.3)
As usual in multiple-scale analysis, the time variable is also expanded, introducing
slow time scales t02 and t20 that can be treated as independent variables
∂
∂t
=
1
Λ2
∂
∂t02
+ Fv
2 ∂
∂t20
+ · · · . (3.4)
We shall also consider that the horizontal Froude number is small and related to Fv
by Fh= δFv where δ=Lv/a is the aspect ratio.
The order of δ will be assumed to be less than or equal to one. The purpose of this
assumption is to avoid a third expansion with the small horizontal Froude number,
which would lead to the same result provided δ≪ 1/Fv , i.e. Fh≪ 1.
3.2. Order-zero problem in Fv
Although the zeroth-order perturbation in Fv has only to be determined up to the
second order in 1/Λ, it will be determined exactly in this section without resorting to
an expansion with the parameter 1/Λ. Inserting the expansion (3.1) in the linearized
equations (2.13) gives at zeroth order in Fv
1
Λ2
∂ u˜h0
∂t02
+ [∇hu˜h0] ·Ub + [∇hUb] · u˜h0 + 2Ωez × u˜h0 = −∇hp˜0, (3.5a)
0 = −∂p˜0
∂z
− ρ˜ ′0, (3.5b)
∇h · u˜h0 = 0, (3.5c)
1
Λ2
∂ρ˜0
∂t02
+ [∇hρ˜0] ·Ub − u˜z0 = 0. (3.5d)
The horizontal momentum equations (3.5a) and (3.5c) do not involve the vertical
derivative so that it is convenient to introduce a streamfunction ψ˜0(x, y, z, t02) defined
by u˜h0=−∇× (ψ˜0ez) and to use the equation for the vertical vorticity hψ˜0 by taking
the horizontal curl of (3.5a)
1
Λ2
∂
∂t02
hψ˜0 + J (ψb,hψ˜0) + J (ψ˜0,hψb) = 0. (3.6)
Solutions of (3.6) may be found following Billant & Chomaz (2000b) by making use
of the invariance of equation (3.6) and the invariance associated with each parameter
describing continuously a family of basic states. In the present paper, we focus on the
solutions derived from the rotational invariance and from the invariance associated
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with parameter Λ describing the family of co-rotating vortex pair solutions. More
precisely, we choose the leading-order perturbation as
ψ˜0 = −δα ∂
∂α
ψb +ΛδΛ
∂
∂Λ
(
ψb +
ξ 2
2Λ2
)
. (3.7)
The first term corresponds to the neutral mode derived from the rotational
invariance: if ψb(ξ, α,Λ) is a solution, then the same solution but rotated by a constant
angle δα, ψb(ξ, α− δα,Λ), is also an exact solution. For an infinitesimal rotation
δα≪ 1, a Taylor expansion gives the first term of (3.7):
ψb(ξ, α − δα,Λ)− ψb(ξ, α,Λ) = −δα ∂ψb
∂α
. (3.8)
Similarly, the invariance linked to the parameter Λ implies that if Λ is varied,
Λ→Λ(1 + δΛ)† where δΛ is a constant, ψb(ξ, α,Λ(1 + δΛ)) is also an exact solution
but in the reference frame rotating at rate 1/Λ2(1 + δΛ)2. For δΛ≪ 1, a Taylor
expansion of the perturbed streamfunction re-expressed in the original frame rotating
at rate 1/Λ2 gives the second term of (3.7):
ψb(ξ, α,Λ(1 + δΛ)) +
ξ 2
2Λ2(1 + δΛ)2
− ξ
2
2Λ2
− ψb(ξ, α,Λ) = ΛδΛ ∂
∂Λ
(
ψb +
ξ 2
2Λ2
)
.
(3.9)
As usual in multiple-scale analysis, the phase variables (δα, δΛ) are considered
functions of the slow times (t02, t20) and also of the vertical coordinate z because
equation (3.6) does not involve z derivatives. Inserting perturbation (3.7) in (3.6) leads
to
−∂δα
∂t02
∂ψb
∂α
+Λ
∂δΛ
∂t02
∂ψb
∂Λ
− 2δΛ∂ψb
∂α
= 0, (3.10)
where we have used the fact that
J
(
∂ψb
∂α
,ψb
)
+ J
(
ψb,
∂ψb
∂α
)
=0
and
J
(
∂ψb
∂Λ
,ψb
)
+ J
(
ψb,
∂ψb
∂Λ
)
=0
since the basic flow ψb satisfies J (ψb,ψb)= 0. The particular perturbation (3.7) is
therefore a solution of (3.6) if (δα, δΛ) satisfy the phase equations
∂δα
∂t02
= −2δΛ, (3.11)
∂δΛ
∂t02
= 0. (3.12)
Note that the explicit expression for ψb has not been necessary to derive these phase
equations. These equations show that the rotational invariance and the invariance
linked to the parameter Λ are coupled. They simply describe the fact that if the
separation distance between the two vortices Λ is slightly perturbed, Λ→ Λ(1+ δΛ),
† Note that δΛ corresponds to the relative variation of the non-dimensional separation distance
Λ in order that δΛ≪ 1 even if Λ is large.
Theory of zigzag instability of co-rotating vortices in a stratified fluid 111
Λ(1 + δ
Λ)
η1
β2
η2
β1
Ω
δα
Figure 2. The basic vortex pair (dotted line) is perturbed by a small rotation δα and a small
variation of the separation distance Λ→Λ(1 + δΛ). The perturbed vortex pair is represented
by solid lines. Since δα and δΛ are small, the perturbation is equivalent to x- and y-translations
of the two vortices in opposite directions such that the centres of the perturbed vortices are
located at (β2=ΛδΛ/2, η2=Λδα/2) and (β1=−ΛδΛ/2, η1=−Λδα/2).
then the vortex pair will no longer be steady in the original frame of reference rotating
at angular velocity 1/Λ2 but will rotate at velocity
δΩ =
1
Λ2(1 + δΛ)2
− 1
Λ2
=− 2
Λ2
δΛ.
Using (3.7), we can now determine the pressure p˜0 from (3.5a):
p˜0 = −δα +ΛδΛ
[
∂pb
∂Λ
− 2 ξ
2
Λ5
]
(3.13)
where pb is the pressure of the basic state. The density perturbation is then obtained
from the hydrostatic balance (3.5b):
ρ˜0 =
∂δα
∂z
∂pb
∂α
−Λ∂δΛ
∂z
[
∂pb
∂Λ
− 2 ξ
2
Λ5
]
(3.14)
and the density equation (3.5d) imposes the vertical velocity
u˜z0=
∂δα
∂z
J
(
ψb,
∂pb
∂α
)
−Λ∂δΛ
∂z
[
J
(
ψb,
∂pb
∂Λ
+
2
Λ3
(
∂pb
∂α
+
2
Λ2
∂ψb
∂α
)]
. (3.15)
3.3. Order-F 2v problem: determination of u˜20
We now consider the order F 2v . As explained previously, the second-order perturba-
tions in Fv are further expanded in 1/Λ
2 and only the zeroth-order solution in 1/Λ2
(u˜20, p˜20, ρ˜20) is determined. Therefore, to obtain (u˜20, p˜20, ρ˜20), we need to take into
account only the limits for Λ→∞ of the leading-order perturbation (u˜0, p˜0, ρ˜0) and
of the basic state Ub. In this limit, the basic flow Ub in the neighbourhood of, for
example, vortex 2 (i.e. at radial distance of order one from the centre of vortex 2)
(figure 2) is at leading order an axisymmetric Lamb–Oseen vortex
Ub = Ua2 +O(1/Λ2) (3.16)
since the velocity field Ua1, the adapted velocities U e1/Λ2 and U e2/Λ2 and the velocity
due to the rotation of the reference frame are at most of order 1/Λ2 and therefore
negligible. In other words, the presence of vortex 1 can be neglected in computing the
order-F 2v /Λ
0 perturbation of vortex 2 and conversely, near vortex 1, we can neglect the
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presence of vortex 2. Similarly, in the neighbourhood of vortex 2, the streamfunction
(3.7) of the leading-order perturbation in the limit Λ→∞ approximates to
ψ˜0 = ψ˜00 +O(1/Λ
2) (3.17)
with
ψ˜00 = −Λ2
[
δΛ
∂ψa2
∂x
(x −Λ, y) + δα ∂ψa2
∂y
(x −Λ, y)
]
(3.18)
where ψa2 is the streamfunction associated with Ua2, i.e. Ua2=−∇× (ψa2ez) and we
recall that (x, y) are the Cartesian coordinates centred on vortex 1 (figure 1). Thus, the
perturbation of vortex 2 at zeroth order in 1/Λ and Fv consists of a small translation
(β2=
1
2
ΛδΛ, η2=
1
2
Λδα) in the x- and y-directions (figure 2). The rotational invariance
and the invariance linked to the parameter Λ become equivalent in this limit to the
translational invariances in the horizontal plane of a single axisymmetric vortex. The
problem at order F 2v /Λ
0 reduces therefore to the determination of a long-wavelength
bending perturbation on a single axisymmetric vortex in a strongly stratified fluid.
Note also that the background rotation is negligible since Ω =O(1/Λ2). Because the
two basic vortices are symmetric and the perturbation considered here, (3.7), is also
symmetric, it is suﬃcient to consider the bending perturbations (β2, η2) on vortex 2;
those on vortex 1 (β1, η1) can be simply obtained by symmetry (figure 2):
β1 = −Λ
2
δΛ = −β2, η1 = −Λ
2
δα = −η2. (3.19)
Using the fact that ψa2=
∫
vθ (r) dr , ψ˜00 can be simplified to
ψ˜00 = −[β2 cos θ + η2 sin θ]vθ (3.20)
where we recall that (r , θ) are the cylindrical coordinates centred on vortex 2 (figure 1).
The density perturbation (3.14) reduces to
ρ˜00 =
v2θ
r
[
∂β2
∂z
cos θ +
∂η2
∂z
sin θ
]
(3.21)
while the vertical velocity (3.15) becomes
u˜z00 =
v3θ
r2
[
−∂β2
∂z
sin θ +
∂η2
∂z
cos θ
]
. (3.22)
The physical meaning of equations (3.21) and (3.22) can be understood following
a reasoning similar to the one given by Billant & Chomaz (2000b). Because of the
vertical modulation of η2 and β2, the low-pressure region located at the centre of the
vortex is no longer aligned. The pressure anomalies are compensated by isopycnal
distortions as described by equation (3.21). A physical representation is given in
figure 3(a) for the case of a small unidirectional bend η in the y-direction. These
deformations of the isopycnal surfaces generate a vertical velocity field given by
(3.22). As represented in figure 3(b), this vertical velocity can be interpreted physically
as fluid particles in their merry-go-round rotation following the isopycnal surfaces
in order to satisfy density conservation. Thus, they move up and down along the
distortions of the isopycnal surfaces, producing a vertical velocity field. We shall see
now that this vertical velocity induces in turn an horizontal flow at order F 2v /Λ
0.
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Figure 3. (a) Isopycnals given by (3.21) above and below a sinusoidal bend η2 in the
y-direction of a single axisymmetric vortex (the initial perturbation β2 in the x-direction
is assumed equal to 0). The amplitude of the deformation has been exaggerated. The trajectory
of a particle is shown as a bold line on the lower surface. (b) Contours of the vertical velocity
u˜z00 given by (3.22). Shaded regions indicate upward motions. The vertical arrows show the
direction of the vertical velocity. This vertical velocity field induces in the middle horizontal
plane (not represented) a divergence at the front of the vortex and a convergence at the back.
The larger horizontal arrow indicates the direction of the potential flow along the x-axis from
the convergence to the divergence zones that is generated at order F 2v in order to satisfy mass
conservation. The vertical velocity also stretches and squeezes the basic-state vertical vorticity
in the middle horizontal plane: the vertical vorticity is increased at the front and decreased at
the back in order to conserve potential vorticity. This eﬀect also tends to displace the vortex
in the direction of the horizontal arrow.
Using (3.20)–(3.22), the equations governing the perturbations at order F 2v /Λ
0 in
the neighbourhood of vortex 2 can be written:
∂ u˜h00
∂t20
+ [∇hu˜h20] ·Ua2 + [∇hUa2] · u˜h20 = −∇hp˜20, (3.23a)
δ2([∇hu˜z00] ·Ua2) = −∂p˜20
∂z
− ρ˜20, (3.23b)
∇h · u˜h20 +
∂u˜z00
∂z
= 0, (3.23c)
∂ρ˜00
∂t20
+ [∇hρ˜20] ·Ua2 − u˜z20 = 0, (3.23d)
where we recall that δ=Fh/Fv . Note that a forcing term appears in the divergence
equation (3.23c) due to the leading-order vertical velocity variation u˜z00. This implies
that an horizontal velocity field is generated at order Fv
2 in order to satisfy mass
conservation.
In order to solve (3.23a) and (3.23c), we first decompose the horizontal velocity
into rotational and potential components with a streamfunction ψ20 and a potential
function χ20:
u˜h20 = −∇× (ψ20ez) + ∇hχ20. (3.24)
By inserting this Helmholtz decomposition in the divergence equation (3.23c), one
obtains
hχ20 = −∂u˜z00
∂z
(3.25)
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with the boundary conditions that the velocity ∇hχ20 vanishes at infinity and that
(∂2χ20/∂r
2)(0)= 0. The latter condition imposes that the velocity ∇hχ20 should be
constant at r =0 but not necessarily zero since the vortex centre can move in the
case of a displacement mode (see for example Leibovich, Brown & Patel 1986). The
solution is of the form
χ20 = χ(r)
(
cos θ
∂2η2
∂z2
− sin θ ∂
2β2
∂z2
)
(3.26)
where the function χ can be determined analytically:
χ =
exp(−3r2)
64r3
(3r2(−1 + exp(r2))2 − (−1 + exp(r2))3) + 3
32r
ln
(
4
3
)
+
3
64r
((2 + 3r2)Ei(−3r2)− 4(1 + r2)Ei(−2r2) + (2 + r2)Ei(−r2)) (3.27)
where Ei is the exponential integral function. The horizontal velocity ∇hχ20 is re-
presented on figure 3(b) by an horizontal arrow. In order to satisfy mass conservation,
this flow goes from the source (rear of the vortex) to the sink (front) created by the
zeroth-order vertical velocity u˜z00.
We now take the curl of (3.23a) in order to eliminate the pressure and we insert
the decomposition of the horizontal velocity (3.24):
L(ψ20) ≡ ∂
∂θ
(
vθ
r
hψ20 − 1
r
ψ20
∂ω
∂r
)
= −∇h · (ω∇hχ20) + ∂ω
∂r
[
sin θ
∂η2
∂t20
+ cos θ
∂β2
∂t20
]
.
(3.28)
The Fredholm alternative tells us that this equation has a solution only if the right-
hand side is orthogonal to the kernel of the adjoint L† of the linear operator L. The
adjoint L† for the scalar product, defined as
〈f |g〉 =
∫ 2pi
0
∫ ∞
0
fgr dr dθ, (3.29)
is given in Appendix A. The functions f = r sin θ , g= r cos θ and any function h(r)
are part of the kernel of L†, i.e. L†(f )=L†(g) =L†(h)= 0. The right-hand side of
(3.28) is always orthogonal to h(r) but not to g and f . The orthogonality condition
with respect to f is fulfilled only if
∂η2
∂t20
= D0
∂2β2
∂z2
(3.30)
and the one with respect to g is satisfied only if
∂β2
∂t20
= −D0 ∂
2η2
∂z2
, (3.31)
where D0 is a constant defined by
D0 = −〈∇h · (ω∇h(χ sin θ))|r sin θ〉〈
∂ω
∂r
sin θ |r sin θ
〉 . (3.32)
Therefore, the above two solvability conditions give the evolution equations of (η2,
β2) over the slow time scale t20.
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After some simplifications, we obtain
D0 =
∫ ∞
0
r
∂ω
∂r
χ dr (3.33)
which can be calculated exactly from the exact expression (3.27) of χ:
D0 =
7
8
ln 2− 9
16
ln 3 = −0, 0115 . . . . (3.34)
Note that if we insert in (3.30)–(3.31) perturbations of the form(
η2
β2
)
=
(
η˜2
β˜2
)
eσ t20+ikz, (3.35)
a purely imaginary growth rate σ is obtained:
σ 2 = −D02k2. (3.36)
In other words, a single axisymmetric vortex in a strongly stratified fluid is neutral
with respect to small translations in the long-wavelength limit.
The bending deformation will thus rotate around the vortex centre without any
growth. Note that the direction of rotation of the bending perturbation is the same as
the fluid inside the vortex since D0 is negative. This can be deduced from (3.30)–(3.31)
and from figure 3 where a bending perturbation such that ∂2η2/∂z
2 is negative and
β2=0 has been imposed initially. According to the solvability condition (3.31), this
implies a decrease of β2 as time evolves because D0 is negative. Thus, the bending
deformation starts to move in the negative x-direction so that it will have the same
direction of rotation as the basic vortex. This direction of rotation can also be directly
deduced from the potential flow ∇hχ20 generated at O(F
2
v ), which is directed from
the source to the sink (as shown by the horizontal arrow on figure 3b). The eﬀect of
the stretching and squeezing of the basic potential vorticity by the vertical velocity
(contained in (3.28)) is also in the same direction. In sharp contrast, it is interesting to
remark that the direction of rotation of a bending deformation for an isolated vortex
in homogeneous fluid is opposite to the basic vortex (Batchelor 1967).
Once the stability conditions (3.30)–(3.31) are satisfied, ψ20 can be determined from
(3.28). This is carried out in Appendix B. For large radius r , the potential χ20 and
the streamfunction ψ20 are proportional to 1/r , implying that the associated velocity
varies, proportional to 1/r2. Therefore, the second-order perturbation, O(F 2v /Λ
0), of
one vortex has an O(F 2v /Λ
2) eﬀect on the other vortex which is separated by distance
Λ. This eﬀect can be neglected at the level of approximation considered in the present
paper, justifying a posteriori that it was fully legitimate to consider an isolated vortex
to determine the second-order perturbation, O(F 2v /Λ
0).
4. Stability analysis
The slow time scales t02 and t20 are now re-expressed in terms of the fast time t:
∂
∂t
=
1
Λ2
∂
∂t02
+ Fv
2 ∂
∂t20
+ · · · . (4.1)
Then, the equations (3.11)–(3.12) and (3.30)–(3.31) can be combined to give
∂δα
∂t
= −2δΛ
Λ2
+D0F
2
h
∂2δΛ
∂z˜2
+O
(
F 4h ,
F 2h
Λ2
)
, (4.2)
∂δΛ
∂t
= −D0F 2h ∂
2δα
∂z˜2
+O
(
F 4h ,
F 2h
Λ2
)
, (4.3)
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Figure 4. Sketch of the mechanism of the zigzag instability: the vortex pair (dotted line) is
perturbed by a small rotation δα modulated vertically. The perturbed vortex pair is shown
by solid lines. Since δα is small, the perturbation is equivalent to a y-translation of the two
vortices in opposite directions (η1< 0, η2> 0). Three-dimensional eﬀects then displace the two
vortices along the x-axis such that the two vortices move closer (β1> 0, β2< 0). Thus the
rotation speed and the initial perturbation δα increases.
where we have used the relation (β2=
1
2
ΛδΛ, η2=
1
2
Λδα) and where the vertical
coordinate z˜ is now non-dimensionalized by the vortex radius so that z˜=(Fh/Fv)z
where z is the previous vertical coordinate non-dimensionalized by Lv . For this reason,
the horizontal Froude number appears in (4.2)–(4.3) instead of the vertical Froude
number.
Inserting a perturbation of the form (δα, δΛ)= (δα0, δΛ0) e
σ t+ikz z˜ yields
σ 2 = − 2
Λ2
D0(Fhkz)
2 −D02(Fhkz)4 +O
(
F 6h ,
F 2h
Λ4
,
F 4h
Λ2
)
. (4.4)
Quite strikingly, we see in equation (4.4) that there is an instability in the small-
wavenumber limit since D0 is negative. The higher-order term O(F
4
h k
4
z ) is negative
however and thus stabilizing. The dispersion is self-similar with respect to the variable
Fhkz in agreement with Billant & Chomaz (2001). The maximum amplification σm=
1/Λ2 (in dimensional form Γ/pib2) is equal to twice the external strain S=1/2Λ2
independently of the Froude number Fh. It is reached for a finite wavenumber
km=
√−1/D0(1/FhΛ) proportional to 1/FhΛ, meaning that the dimensional wave-
length λ of the instability is proportional to the buoyancy length Γ/piaN multiplied
by the ratio b/a: λ ∝ Fhb. This scaling implies that kzFh=O(Fv)=O(1/Λ),
confirming that it was legitimate to neglect O(F 2v /Λ
2) in addition to O(F 4v ) in the
expansion (3.3).
The physical mechanism of the instability can be easily understood. As sketched
in figure 4, a small perturbation of the orientation angle of the vortex pair (δα > 0)
implies a negative y-translation η1=− δα 12Λ of vortex 1 and a positive y-translation
η2= δα
1
2
Λ of vortex 2. In the two-dimensional case, such a perturbation is neutral
because of the rotational invariance. However, according to (3.30)–(3.31), if η1 and
η2 vary slowly with z, a positive (negative) translation in the y-direction of a vortex
rotating in the positive sense generates at order Fh
2k2z a self-induced displacement in
the negative (positive) x-direction. Therefore, β2< 0 and β1> 0 (figure 4). The two
vortices thus move closer (δΛ< 0) so that they will rotate faster around each other,
amplifying the initial perturbation δα.
Conversely, a negative perturbation of the orientation of the vortex pair (δα < 0)
implies an increase of the distance between the vortices (δΛ> 0). They will therefore
rotate slower, increasing the initial phase shift |δα|. The result of the zigzag instability
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Figure 5. Shape of the bending deformations induced by the zigzag instability on the
co-rotating vortex pair. This picture is schematic since the linear perturbation has been
added to the basic state with an arbitrary O(1) amplitude in order to make the deformation
visible.
is to move the two vortices closer together or furthers apart every half a wavelength
as sketched on figure 5.
From this explanation and from (4.4), we can see that the fact that D0 is negative
is crucial for the existence of the instability. If D0 were positive, the co-rotating
vortex pair would not be unstable to such perturbations because the self-induced
displacements would be in opposite directions (i.e. β2> 0 and β1< 0). As mentioned
above, this is the case in homogeneous fluids, which explains why this instability of
a co-rotating vortex pair is specific to strongly stratified fluids and does not exist in
homogeneous fluids as shown by Jimenez (1975).
5. Comparison between theoretical and numerical results
In this section, we compare the numerical results of the linear stability analysis of
the zigzag instability (Otheguy et al. 2006) and the present asymptotic theory.
5.1. Growth rate as a function of the wavenumber and Froude number
Figure 6(a) compares the asymptotic growth rate of the zigzag instability (4.4) as
a function of the wavenumber kz with the growth rate obtained in the numerical
linear stability analysis for several horizontal Froude numbers, for a high Reynolds
number Re=16 000 and a single ratio 1/Λ=0.15. The asymptotic and numerical
results are in good agreement for all Fh even for large Fh up to 1.7. The agreement
is better for small wavenumber for two reasons: the viscous damping, not taken into
account in the theoretical stability analysis, increases with kz and the long-wavelength
approximation used in the asymptotic analysis is better for small kz.
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Figure 6. (a) Comparison between the theoretical growth rate (4.4) (curves) and the growth
rate obtained numerically as a function of the vertical wavenumber kz for diﬀerent horizontal
Froude numbers: Fh=1.7, 1, 0.5, 0.2 (from right to left). (b) Comparison between the
theoretical growth rate (4.4) (curve) and the numerical growth rates compensated for the
vertical viscous damping (symbols) as a function of the vertical wavenumber rescaled by the
horizontal Froude number kzFh. The symbols represent the numerical growth rates for Fh=1.7
(), Fh=1 (), Fh=0.5 () and Fh=0.2 (+), the Reynolds number being Re=16 000 and the
ratio 1/Λ=0.15.
In order to take into account the viscous eﬀects, figure 6(b) compares the asymptotic
growth rate as a function of kzFh to the growth rate obtained numerically and
compensated for the vertical viscous damping (σ + νk2z ). The asymptotic analysis
predicts correctly the compensated maximum growth rate. The agreement of the
evolution of the growth rate as a function of kzFh is remarkable in view of the
low-order asymptotics for kzFh  kzmFh, where kzm is the most unstable wavenumber.
As stated previously, the asymptotic and numerical growth rates depart for large kzFh,
owing to the small-wavenumber assumption kzFh=O(Fv)≪ 1 used in the asymptotic
analysis.
5.2. Maximum growth rate and most amplified wavenumber as a function of 1/Λ
In this subsection, we further investigate the eﬀect of the ratio 1/Λ, characterizing
the basic state, on the maximum growth rate and on the most unstable wavenumber
for a given Froude number Fh=1. As seen in figure 7, the agreement between the
asymptotic and numerical results is very good for small 1/Λ both for the maximum
unstable growth rate (figure 7a) and for the most unstable wavenumber (figure 7b).
This confirms that the maximum growth rate of the zigzag instability is twice the
strain S=1/2Λ2 and that the most amplified wavenumber is inversely proportional
to FhΛ. As the asymptotic analysis is valid only for small 1/Λ, it is not surprising
that the numeric and the asymptotic results start diverging when 1/Λ increases. The
maximum growth rate obtained numerically tends to be smaller than the theoretical
prediction while the most amplified wavenumber is larger than the theoretical
prediction.
5.3. Shape of the eigenmode as a function of kzFh
The vertical vorticity of the eigenmode of the zigzag instability can be obtained at
leading order by taking the horizontal Laplacian of (3.7) in the limit Λ → ∞ and
Fv =0 using the phase equations (4.2)–(4.3) and the dispersion relation (4.4) which
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Figure 7. Comparison of (a) the maximum growth rate against 1/Λ2 and (b) of the
most amplified wavenumber against 1/Λ, obtained numerically for Fh=1 and Re=16 000
(diamonds) and asymptotically (line).
couples δα and δΛ:
hψ˜0 = −Λ
2
δα
[
∂
∂y
− Fhkz
√
−D0
2/Λ2 +D0(Fhkz)2
∂
∂x
]
e−(x−Λ)
2−y2
+
Λ
2
δα
[
∂
∂y
− Fhkz
√
−D0
2/Λ2 +D0(Fhkz)2
∂
∂x
]
e−x
2−y2 . (5.1)
As already mentioned in § 4, the perturbation described by equation (5.1) consists of
a symmetric translation of each vortex along both the x- and y-directions. The angle
ζ between the direction of translation of each vortex and the negative x-axis (figure
8) is given by the ratio of the coeﬃcients in front of the derivatives ∂/∂y and −∂/∂x
in equation (5.1):
tan(ζ ) =
√
2/Λ2 +D0(Fhkz)
2
−D0
1
Fhkz
. (5.2)
At small Fhkz, ζ goes to pi/2 and the translation is along the y-axis for both vortices but
in opposite directions for vortex 1 and vortex 2. The perturbation is thus equivalent
to a rotation of the vortex pair. When Fhkz increases, there is an additional small
component of translation along the x-axis such that the two vortices move closer to
or away from each other. Figure 8 shows that the eigenmode given by (5.1) is in very
good agreement with the vertical vorticity of the eigenmode obtained numerically
for diﬀerent vertical wavenumbers and horizontal Froude numbers. The dipole shape
of the perturbation observed inside each vortex of the basic state corresponds to a
translation in an oblique direction whose angle ζ decreases from pi/2 similarly in
the numerical and asymptotic eigenmodes when the product kzFh increases. Figure 9
compares (further) the angle ζ predicted theoretically to the values measured for the
eigenmodes obtained numerically. The agreement is excellent except at large kzFh for
which the assumption kzFh≪ 1 used in the asymptotic theory is no longer valid.
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Figure 8. Comparison between the vertical vorticity of the eigenmodes obtained numerically
(top row) and the asymptotic eigenmodes (bottom row) for various products kzFh. The value
of the angle ζ between the negative x-axis and the line joining the extrema of vorticity of the
dipole pattern is also shown. The numerical simulations correspond to Re=500; 1/Λ=0.15
(see Otheguy et al., 2006 for further details).
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Figure 9. Comparison between the orientation of the dipole pattern of the eigenmodes
(line joining the minimum and maximum vertical vorticity of the dipole pattern) obtained
asymptotically (curve) and numerically (diamonds) as a function of kzFh. The numerical
simulations correspond to Re=16 000; 1/Λ=0.15.
6. Summary and conclusions
In this paper, we have performed a linear stability analysis of two co-rotating
Gaussian vortices in a strongly stratified fluid (Fh≪ 1) using a multiple-scale
expansion with respect to two expansion parameters: the vertical Froude number
Fv and the inverse of the separation ratio 1/Λ= a/b. This analysis fully explains
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qualitatively and quantitatively the zigzag instability found numerically by Otheguy
et al. (2006).
This instability is specific to strongly stratified fluids and does not exist in
homogeneous fluids (Jimenez 1975).
The zigzag instability is triggered by the coupling between the long-wavelength
bending waves on each vortex and the basic strain field that each vortex exerts on its
companion. If the co-rotating vortex pair is twisted in vertically with respect to the
rotation centre, the bending waves on each vortex tend to bring the two vortices closer
together (farther a part) at the vertical location where the angle of the vortex pair
is increased (decreased). Thus, the vortices will rotate faster and slower alternately
vertically, increasing the initial twist in an unstable manner.
The asymptotic analysis is in excellent quantitative agreement with the numerical
linear stability analysis (Otheguy et al. 2006). The dimensional growth rate of the
zigzag instability is twice the strain rate (S=Γ/2pib2) generated by each vortex on
the other vortex, independently of the stratification. The most unstable wavelength λ
scales as the buoyancy length LB =Γ/piaN multiplied by the ratio b/a, λ ∝ Fhb. In
other words, the most unstable vertical scale is inversely proportional to the Brunt–
Va¨isa¨la¨ frequency and increases with the separation distance between the vortices.
The zigzag instability has been shown to aﬀect co- and counter-rotating vortex
pairs of equal strength. We have shown here that it comes from a generic mechanism:
the coupling of the slow bending waves of two vortices through the strain field; it
is thus likely that it will aﬀect any flow consisting of several vortices in a strongly
stratified fluid so it could explain the emergence of layers observed in complex flows
(Park et al. 1994; Holford & Linden 1999; Waite & Bartello 2004; Lindborg 2006).
Lindborg (2006) has recently shown that a strongly stratified turbulent flow that is
initially vertically coherent spontaneously develops horizontal layers. Their thickness
scales with the horizontal Froude number, in full agreement with the present results
for the instability wavelength and the scaling law of Billant & Chomaz (2001).
However, in order to go beyond linear eﬀects and explain the characterics of fully
developed layers, the nonlinear behaviour of the zigzag instability will be investigated
in a forthcoming paper.
Appendix A. Adjoint operator
The adjoint operator L† is defined by
〈f |L(g)〉 = 〈L†(f )|g〉 (A 1)
where the scalar product is defined in (3.29) and the operator L in (3.28). We obtain
after several integrations by parts:
L†(f ) = 2
∂f
∂θ
(
v′θ
r2
− vθ
r3
)
− ∂
3f
∂θ3
vθ
r3
+
∂2f
∂θ∂r
(
vθ
r2
− 2v
′
θ
r
)
− ∂
3f
∂2r∂θ
vθ
r
(A 2)
where f is assumed to be 2pi periodic, and ∂f /∂θ and ∂2f /∂θ∂r are both assumed
to be finite when r goes to zero and to infinity.
Appendix B. Determination of ψ20
Equation (3.28) suggests writing ψ20 in the form
ψ20 = ψ(r)
(
cos θ
∂2β2
∂z2
+ sin θ
∂2η2
∂z2
)
. (B 1)
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The function ψ is then determined numerically as the solution of
vθ
r
ψ ′′ +
vθ
r2
ψ ′ −
(
v′θ
r2
+
v′′θ
r
)
ψ = (−χ ′ −D0)ω′ + ωvθ
3
r2
(B 2)
associated with the boundary conditions (∂/∂r)(ψ/r)(0)= 0 and ψ ′(r) → 0 when r
goes to infinity.
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